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Abstract

We consider a semi-Markov chain, with a finite state space. Taking a censored history, we obtain
empirical estimators for the discrete semi-Markov kernel, renewal function and semi-Markov
transition function. We propose estimators for two different failure rate functions. We study
the strong consistency and the asymptotic normality for each estimator and we construct the
confidence intervals. We illustrate our results by a numerical example.

1 Preliminaries

Consider a finite state space F = {1,2,...,s},s < 0o, and (J,,, Sp)nen a homogeneous discrete time Markov
renewal process (DT M RP), where (J,,)nen, the visited states of the system, is an EF— valued Markov chain
and (Sp)nen, the jump times of the process, is an N— valued process. Put X,, := S, — Sp,—1,n € N*, for
the inter-jump times. The DTMRP is defined by the initial distribution a(i) := P(Jy = i) and by the
semi-Markov kernel ¢ = (gi;(+))i,jer, Gij(k) :=P(Jnt1 = J, X1 =k | Jn = 1), k € N, where ¢;;(0) :=0.
Denote by V' = (pij)ijer, Pij := P(Jny1 = J | Jn = 1) = D 450 ¢j(k), the transition matrix of (Jy)nen
and by f = (fi;())ijer the conditional distribution matrix of the sojourn times, f;;(k) := P(X,41 = k |
In = i, Jnt1 = ) = qij(k)/pij, for p;; # 0. Consider the matrix-valued functions Q = (Q;;(+))i jer and
¥ = (¥ij()ijer defined by Qij(k) = P(Jur1 = j, X1 < k| Jo = i) = Y qi;(1) and by 1 (k) :=

Zﬁzo qgl)(kz), k € N, where all the powers are in the matrix convolution sense. Let also ¥ = (¥;;(-)); jer

be the matrix renewal function defined by Wi;(k) := Yk _o Q{1 (k) = 3210 v ().

The semi-Markov chain (Zy)ren associated to the DTMRP (J, S) is defined by Zy := Jy(), k € N, where
N(k) := max{n > 0| S, < k} is the discrete time counting process of the number of jumps in [1, k] C N.
Let P = (Pl())”eE be the transition matrix of the semi-Markov process Z, P;;(k) :==P(Zy = j | Zy =

i), k € N. The associated Markov renewal equation is (see, e.g., Barbu et al. 2004)
P(k) =1—diag(Q(k)-1s) + g P(k),k € N, (1)

where 1, := (1,...,1)" and diag(Q(k)-15) is the diagonal matrix having the vector Q(k)-14 as main diagonal.
Solving the Markov renewal equation (1) we obtain that the unique solution is

P(k) = [+ (I - diag(Q -1,)] (k). (2)

All the results are given for a DTMRP which satisfies the following assumptions:

A1l. The Markov chain (J,,)nen is irreducible;

A2. The mean sojourn times are finite, i.e., >, khi(k) < oo for any state i € E, where h;(k) :=
P(Xp+1 =k | J, = 1) is the sojourn time distribution in state 4;

A3. The DTMRP (Jp, Sn)nen is aperiodic.

Let us consider a sample path H (M) := (Jo, X1,..., Inr)—1, Xn(r), Inay, Unr) of the DTMRP
(Jn, Sn)nen, censored at time M € N, where we set Upr := M — Sy ().



For all i,5 € EF and k € N,k < M, we define the empirical estimator of the discrete time semi-Markov
kernel g; (k) by Gij(k, M) := Nyj(k, M)/Ny(M), where N;(M) := >NOD=1 1, _ is the number of visits
to state ¢, up to time M and N;;(k, M) := 2712/:(11»1) 1, 1=i,Ju—j X,—k} is the number of transitions from
i to j, up to time M, with sojourn time in state i equal to k. We stress the fact that the above empirical
estimator is an approached nonparametric maximum likelihood estimator, i.e., it maximizes the approached
likelihood function, obtained by neglecting the part corresponding to Uys = M — Sy ().

Replacing ¢ by its estimator in the expressions of @, ¥, ¥ and P we obtain their corresponding estimators,
noted by Q, 1&, \i/, P. We can prove the strong consistency for the proposed estimators and the asymptotic
normality of Gi;(k, M), 1bi;(k, M), Pyj(k, M) (see Barbu and Limnios 2004b).

2 Failure rates estimation

Denote by T the lifetime of the system. Let E be partitioned into two subsets, U = {1,...,s1} for the up
states and D = {s; +1,...,s},0 < 51 < s, for the down states, with F = U U D and UND = . We will
write all vectors and matrix-valued functions according to this partition. For instance, we have

U D
U D
Puk)  Pu(k) \ U B
P(k) = (Pﬂ(k:) Pzz(k)) p o7 (o o2

The reliability of the system at the moment k € N is given by (see Barbu et al. 2004a)
R(k/’) = Q1- Pu(k) . 181 = 1 1/111 * (I — diag(Q . 13)11)131-

We obtain the following estimator for the system reliability:

Rk, M) = ay Py(k,M) 1, = wu(., M) * (1 — diag(O(-, M) - 18)11)} (k)1 . (3)

In the sequel, we consider two different definitions of the failure rate function.

e BM P—faijlure rate function A(k)

It is the usual failure rate, defined by Barlow et al. (1963) as the conditional probability that the failure
of the system occurs at time k, given that the system has worked until time k — 1 ( for the BM P—failure
rate of Markov chains, see Sadek and Limnios 2002; for the BM P—failure rate of continuous semi-Markov
systems see Ouhbi and Limnios 1998). The BM P— failure rate is defined by

1- R(k)/R(k—1), R(k—1)%£0

0, otherwise yk>1, and A(0):=1-— R(0).

Ak) = P(Tk|T2k){
e RG—failure rate function r(k)

A new definition of the discrete failure rate is proposed by Roy and Gupta (1992) for solving some of the

problems raised by the use of the usual failure rate function A(k) in discrete time. A detailed argument for

the introduction of the new definition of the failure rate function is given in Bracquemond et al. (2001) (see
Sadek and Limnios 2002 for the RG-failure rate of Markov chains). The RG— failure rate is defined by

( W[R(k-1)/RK)], k=1
r(k) —{ JHR(O), } k=0

The two failure rates are related by r(k) = —In(1 — A(k)). We propose the following estimators:

. __BEM) B R(k—1,M)
Nk, M) = {1 Roran Bk—1,M)#0 k>1, #(k M) :{ln Rk M)

0, otherwise —InR(0,M), k=0

X0, M) 1— R(0, M),



Theorem 1 For any fived k € N, the BM P— failure rate estimator S\(k,M) is strongly consistent, as M
tends to infinity, and we have v M[N(k, M) — (k)] ML> N(0,0%(k)), where

oi(k) = oi(k)/R'(k-1),
55 M -
o2(k) = ﬁZE{RQ(’f)Z{ ey Yol \Ilm} iy (k — 1)
i=1 i =1 teu

+R*(k—1) Z {Dg 1ieuy Z ‘Pm} % qij (k) — T7 (k)

j=1 teU
+2R(k [I{ZEU}DU > at)¥ + Liery (DT a(t) Wy
j=1 teU teU
~(D9)* DY~ 1y (3 alt)va ) (3 awih)] < a k- 1)}, (4)
teU teU
with
Ti(k) = Z[R(k)pg % qij(k — 1) = R(k — 1)DY # ;5 (k)
j=1
1{1€U} Z wtz * ng ) R - 1 1{z€U} Z wtz * ng )
teU teU
Dg = Z Z "/)nz * w]r * (I dlag(Q 1))rr,
nelU reU

wy; is the mean recurrence time of state i for the embedded Markov chain (Jp)nen, tii i the mean recurrence

time of the state i for the DTMRP (J,S) and A" (k) := A(k+1) for A= (Aij('))ijeE'

Corollary 1 For any fived k € N, the RG—failure rate estimator #(k, M) is strongly consistent, as M tends

to infinity, and we have v M[F(k, M) — r(k)) ML> N(0,02(k)), where

ol (k) = oi(k)/[R*(k — 1)R*(k)],  with o7(k) given in Equation (4).

Replacing q(k), Q(k), ¥ (k), U (k) by their estimators in Equation (4), we obtain a strongly consistent estima-
tor 6% (k) of the variance o3 (k). Let v € (0,1) and u, be the y— quantile of N(0,1). For k € N,k < M, the
estimated asymptotic confidence interval of BMP-failure rate A(k) at level 100(1 — )% is given by

Ak, M) — uy_y joi (k) VM < A(k) < Mk, M) 4wy 262 (k)/ VM.

3 Numerical example

Let the state space E = {1,2,3} be partitioned into the up-state set U = {1,2} and the down-state set
D = {3}. The system is defined by the initial distribution u := (1 0 0), by the transition probability matrix
V of (J,)nen and by the conditional distribution matrix of the sojourn times f given by

0 1 0 0 f12(k) 0
V= 095 0 005 |, f(k):=/|falk) 0  fa(k)], keN,
1 0 0 far(k) 0 0

e fi2 is a geometric distribution defined by fi2(0) := 0, fi2(k) := p(1 — p)*~ 1, k > 1, with p = 0.8,



o for := Wy by, foz = Wy, 5, and f31 := Wy, p, are discrete time, first type, Weibull distributions,
defined by W, 5(0) := 0, Wy (k) := ¢*=1" —¢¥" k> 1, with ¢ = 0.5,b; = 0.7, ¢3 = 0.6,by = 0.9, g3 =
0.5,b3 = 2 (for discrete time Weibull distribution, see, e.g., Nakagawa and Osaki 1975).

Figure 1 gives the empirical estimator and the confidence interval at level 95% for the BM P—failure rate
(left) and a comparison between BM P—failure rate estimators obtained for different sample sizes (right).
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Figure 1: BM P— failure rate confidence interval and BM P— failure rate estimator consistency
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